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Abstract

We describereal-time,physically-basedsimulationalgorithmsfor
hapticinteractionwith elasticobjects. Simulationof contactwith
elasticobjectshasbeenachallenge,dueto thecomplexity of phys-
ically accuratesimulationandthedif�culty of constructinguseful
approximationssuitablefor realtimeinteraction.Weshow thatthis
challengecanbeeffectively solved for many applications.In par-
ticular globaldeformationof linearelastostaticobjectscanbeef�-
ciently solved with low run-time computationalcosts,using pre-
computedGreen's functionsand fast low-rank updatesbasedon
CapacitanceMatrix Algorithms. The capacitancematricescon-
stitute exact force responsemodels, allowing contact forces to
be computedmuchfasterthanglobal deformationbehavior. Ver-
tex pressure masksare introducedto supportthe convenientab-
stractionof localizedscale-speci�cpoint-like contactwith anelas-
tic and/orrigid surfaceapproximatedby a polyhedralmesh. Fi-
nally, we presentseveral examplesusing the CyberGloveTM and
PHANToMTM hapticinterfaces.

1 Intr oduction

Discrete linear elastostatic models (LEMs) are important
physically-basedelastic primitives for computerhapticsbecause
they admit a very high-degreeof precomputation,or “numerical
compression”[1], in a way that affords cheap force response
modelssuitablefor forcefeedbackrenderingof stiff elasticobjects
during continuouscontact. The degreeof useful precomputation
is quite limited for many types of nonlinear and/or dynamical
elastic models, but LEMs are an exception, mainly due to the
precomputabilityof time-independentGreen's functions (GFs)
andtheapplicabilityof linearsuperpositionprinciples.Intuitively,
GFs form a basis for describingall possibledeformationsof a
LEM. Thus,while LEMs form a relatively simpleclassof elastic
modelsin which geometricandmateriallinearitiesareanultimate
limitation, thefactthatthemodelis linearis alsoacrucialenabling
factor. We conjecturethat LEMs will remain one of the best
runtime approximationsof stiff elastic models for simulations
requiringstablehigh-�delity forcefeedback.

A centralideafor LEMs in computerhapticsis the formulation
of theboundaryvalueproblem(BVP) solutionin termsof suitable
precomputedGFsusingCapacitanceMatrix Algorithms(CMAs).
Derived from the Sherman-Morrison-Woodbury formula for low-
rankupdatingof matrix inverses(andfactorizations),CMAs havea
long history in linearalgebra[30, 16], wherethey have beencom-
monlyusedfor staticreanalysis[22], to ef�ciently solveLEM con-
tactmechanicsproblems[12, 25] andmorerecentlyfor interactive
LEM simulations[6, 21].

Forcomputerhaptics,afundamentalreasonfor choosingtocom-
putetheLEM elasticitysolutionusinga CMA formulation,is that
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the capacitancematrix1 is the main quantityof interest: it is the
compliancematrixwhichrelatestheforcefeedbackresponseto the
imposedcontactdisplacements.Also, the precomputationof GFs
effectively decouplesthe global deformationand force response
calculations,so that the capacitancematrix canbe extractedfrom
the the GFs at no extra cost; this is the fundamentalmechanism
by which a hapticinterfacecanef�ciently interactwith a LEM of
very large complexity. The usercan feel no differencebetween
theforceresponseof thecompletesystemandthecapacitancema-
trix, becausenoneexists. Lastly, CMAs aredirect matrix solvers
whosedeterministicoperationcountis appealingfor real time ap-
plications.

The secondpart of this paper addressesthe special caseof
point-like interaction. It haslong beenrecognizedthat point con-
tact is a convenient abstractionfor haptic interactions,and the
PHANToMTM haptic interfaceis a testamentto that fact. While
it is possibleto considerthecontactareato betruly apoint for rigid
models,in�nite contactpressuresareproblematicfor elasticmod-
elsandtractionsneedto bedistributedover �nite surfaceareas.We
proposeto do this ef�ciently by introducingnodal tractiondistri-
bution maskswhich addressat leasttwo coreissues.First, having
a point contactwith force distributed over a �nite areais some-
what contradictory, and the traction distribution is effectively an
underdeterminedquantitywithout any inherentspatialscale.This
is resolved by treatingthe contactas a single displacementcon-
straintwhosetractiondistribution entersasa user(or manipulan-
dum)speci�ed parameter. Thedistribution of forceon thesurface
of themodelcanthenbeconsistentlyspeci�ed in a fashionwhich
is independentof the scaleof the mesh.Second,given the model
is discrete,specialcaremustbe taken to ensurea suf�ciently reg-
ular forceresponseon thesurface,sinceirregularitiesarevery no-
ticeableduring sliding contactmotions. By suitably interpolating
nodal traction distributions, displacementconstraintscan be im-
posedwhichareconsistentwith regularcontactforcesfor numerous
discretizations.

Theremainderof thepaperis organizedasfollows. After a dis-
cussionof relatedwork (x2), thenotationandde�nitions for awide
classof linearelastostaticmodelsusedhereinaregiven(x3). Fast
CMAs for generalBVP solutionusingprecomputedGFsof a par-
ticular referenceBVP typearedescribedin detail in x4. Particular
attentionis givento therole of thecapacitancematrix for thecon-
structionof globally consistentstiffnessmatricesfor usein local
hapticbuffer models(x5). The specialcaseof point-like contacts
are consideredin detail, and we introduce(runtime computable)
vertex masksfor hapticpresentationof surfacestiffness(x6). Some
resultsaregivenfor our implementations(x7) followedby conclu-
sionsandadiscussionof futurework (x8).

2 Related Work

While a signi�cant amountof work hasbeendoneon interactive
simulation of physically-basedelastic models,e.g., in computer

1Theterm“capacitance”is dueto historicalconvention[16].
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graphics[14], only a relatively smallsubsetof work hasaddressed
the simulationrequirementsof force feedbackcomputerhaptics.
Much of thecomputerhapticsliteratureon deformablemodelshas
beenconcernedwith surgical simulation,while our focusis more
general.It is not our intent to survey all relatedhapticwork here,
but simply to mentionsomerelevant work combiningkinesthetic
forcefeedbackwith elasticmodels.

2.1 Elastostatic Models

Thereareseveral instancesin the literatureof real time simulation
of linear elastostaticmodelsbasedon precomputedGFsmethods.
Thesemodelswereusedbecauseof their low runtimecosts,and
desirableforce feedbackproperties.To dateonly polygonalmod-
elsbasedon FEM andBEM discretizationshave beenconsidered,
althoughothervariantsarepossiblewithin the linear systemsde-
scriptionpresentedin thefollowing sections.

Of particularrelevanceis thework doneby researchersatINRIA
whohavemadeextensiveuseof arealtimeelastostaticFEM model
for liver relatedsurgical simulations[6, 5, 9]. During a precompu-
tation phasethey have usedcondensation[35] aswell asiterative
methods[8] to computedisplacementresponsesdueto unit forces
appliedto verticeson the“free” boundary. At run time, they solve
a smallsystemof equationsto determinethecorrectsuperposition
of responsesto satisfythe appliedsurfaceconstraints,which may
beidenti�ed asacaseof thecapacitancematrixapproach.Wenote
that thepoint-like contactapproachusedin [8] couldbene�t from
pressuremaskconcepts(x6). Recently, they have usedanisotropic
materialpropertiesfor the liver [29]. Othergroupshave alsoused
theprecomputedelastostaticFEM approachof [6] for surgicalsim-
ulation,e.g.,theKISMET surgical simulator[23] incorporatespre-
computedmodelsto providehigh-�delity hapticforcefeedback.

A limitation of the GF precomputationstrategy is that incre-
mentalruntime modi�cations of the model requireextra runtime
computations.While it may be too costly for interactive applica-
tions,thiscanalsobeef�ciently performedusinglow-rankupdating
techniquessuchasfor staticreanalysisin theengineeringcommu-
nity [22]. For surgical simulation,a practicalapproachhasbeen
to usea hybrid domaindecompositionapproachin which a more
easily modi�ed dynamicmodel is usedin a smallerregion to be
cut [9, 17].

Finally, theauthorspresenteda interactive animationtechnique
in [21] which combinedprecomputedGFs of boundaryelement
modelswith matrix-updatingtechniquesfor fast boundaryvalue
problem(BVP) solution. Although computerhapticswas an in-
tendedapplication,no force feedbackimplementationwas men-
tioned.Thispapergeneralizesthatapproachwith abroadGF-based
linearsystemsframework thatsubsumesthediscretizationissuesof
both[21] andtheFEM approachesof [6, 8].

2.2 Other Elastic Models

Variousapproacheshave beentaken to simulatedynamicelastic
models,by addressingcommonlyencountereddif�culties suchas
thecomputationalcomplexity of time-stepping3D models,andnu-
merical time integrationissues,e.g.,stiffnessandstability. In or-
derto meettheintensedemandsof forcefeedbackrenderingrates,
mosthave optedfor a multiratesimulationapproach.It is worth
notingexplicitly thatmethodsfor interactively simulatingsoft dy-
namicobjectsarein many wayscomplementaryto theCMA meth-
odspresentedherefor simulatingrelatively stiff LEM. A few no-
tableexamplesarenow mentioned.

Local buffer modelswerepresentedby Balaniukin [2] for ren-
dering forces computedby e.g., deformableobject, simulators
which cannot deliver forcesat fast renderingrates. An applica-
tion of thetechniquewaspresentedfor a virtual echographicexam

trainingsimulatorin [10]. While we do not usethesameapproach
here,the local buffer modelconceptis relatedto our capacitance
matrixmethodfor forcecomputation.

Astley andHayward [1] introducedanapproximationfor linear
viscoelasticFEM modelsthatalsoexploits linearity, in thiscaseby
precomputingmultilevel Nortonequivalentsfor thesystem's stiff-
nessmatrix. By doing so, haptic interactionis possibleby em-
ploying an explicit multirate integrationschemewhereina model
associatedwith thecontactregion is integratedatahigherratethan
theremainingcoarsermodel.

Çavuşo�glu andTendick[7] alsousea multirateapproach.Bal-
ancedmodelreductionof a linearizationof their nonlineardynam-
ical lumpedelementmodelis usedto suggesta spatiallylocalized
dynamicmodelapproximationfor forcefeedbackrendering.While
promising,theexampleconsideredis a very specialcaseof a sup-
portedmodel,andit is unclearhow the local modelwould be de-
rived in moregenericgeometriccases,aswell as in the presence
of nonlocalin�uencessuchasfor multiple changingcontacts,e.g.,
with surgical tools.

Debunneet al. [11] presenteda space-timeapproachfor simu-
latingahierarchicalmultiratedynamiclinear-strainmodel.Zhuang
andCanny [34] useadynamiclumped�nite elementmodelexhibit-
ing nonlinear(Green's) strain. It is capableof beingtime-stepped
at graphicsframe ratesfor suf�ciently soft objectsusing an ex-
plicit integrationscheme.Interactive simulationof dynamicelastic
modelsexclusively for superquadricshapeswasconsideredby Ra-
manathanandMetaxas[31]. Volumetricandvoxel-basedmodeling
approachesfor surgical simulationhave alsobeenconsidered,e.g.,
by Gibsonet.al. [13].

3 Linear Elastostatic Boundar y Model
Preliminaries

Linear elastostaticobjectsare essentiallythree-dimensionallin-
ear springs,and as suchthey are useful modelingprimitives for
physically-basedsimulations.Theunfamiliar readermight consult
asuitablebackgroundreferencebeforecontinuing[3, 18,35,4,21].

In this section,backgroundmaterialfor a genericdiscreteGF
descriptionfor a variety of precomputedlinear elastostaticmod-
els is provided. Conceptually, GFsform a basisfor describingall
possibledeformationsof a LEM subjectto a certainclassof con-
straints.This is usefulbecauseit (1) providesa commonlanguage
to describeall discreteLEMs, (2) subsumesextraneousdiscretiza-
tion detailsby relatingonly physicalquantities,and(3) clari�es the
generalityof theforcefeedbackalgorithmsdescribedlater.

Another bene�t of using GFs is that they provide an ef�cient
meansfor exclusively simulating only boundarydata (displace-
mentsandforces)if desired.While it is possibleto simulatevarious
internalvolumetricquantities(seex3.5),simulatingonly boundary
datainvolveslesscomputation.This is suf�cient sincewe arepri-
marily concernedwith interactive simulationsthat imposesurface
constraintsandprovide feedbackvia surfacedeformationandcon-
tactforces.

3.1 Geometr y and Material Proper ties

Giventhatthefastsolutionmethodis basedon linearsystemsprin-
ciples,essentiallyany linear elastostaticmodelwith physical ge-
ometric and materialpropertiesis admissible. We shall consider
models in three dimensions,althoughmany argumentsalso ap-
ply to lower dimensions.Suitablemodelswould of courseinclude
boundedvolumetricobjectswith variousinternalmaterialproper-
ties, as well as specialsubclassessuchas thin platesand shells.
Sinceonly a boundaryor interfacedescriptionis utilized for spec-
ifying userinteractions,otherexotic geometriesmayalsobeeasily
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consideredsuchassemi-in�nite domains,exterior elasticdomains,
or simply any setof parametrizedsurfacepatcheswith a linear re-
sponse.Similarly, numerousrepresentationsof thesurfaceandas-
sociateddisplacementshapefunctionsarealsopossible,e.g.,poly-
hedral,NURBSor subdivisionsurfaces[32].

3.2 Nodal Displacements and Tractions

Let the undeformedboundarybe denotedby � . The changein
shapeof thesurfaceis describedby thesurfacedisplacement�eld
u(x ), x 2 � , andthesurfaceforcedistribution is calledthe trac-
tion2 �eld p(x ), x 2 � . We will assumethateachsurface�eld is
parametrizedby n nodalvariables(seeFigure1), so that the dis-
cretedisplacementandtractionvectorsare

u = [u1 ; : : : ; un ]T (1)

p = [p1 ; : : : ; pn ]T ; (2)

respectively, whereeachnodalvalueis avectorin R3 . Thisdescrip-
tion admitsa very largeclassof surfacedisplacementandtraction
distributions.

Gu

Figure1: Illustration of discretenodaldisplacementsu de�ned at
verticeson the undeformedboundary� (solid blue line), that re-
sult in a deformationof thesurface(to dashedred line). Although
harderto illustrate,a similar de�nition exists for the tractionvec-
tor, p.

In orderto relatetractiondistributionsto forces,de�ne a scalar
functionspace,L , on themodel'sboundary:

L = spanf � j (x ); j = 1 : : : n; x 2 � g ; (3)

where� j (x ) is ascalarbasisfunctionassociatedwith thej th node.
Thecontinuoustraction�eld is thena 3-vectorfunctionwith com-
ponentsin L ,

p(x ) =
nX

j =1

� j (x )pj ; (4)

The force on any surfaceareais equalto the integral of p(x ) on
that area. It thenfollows that the nodalforce associatedwith any
nodaltractionis givenby

f j = aj pj where aj =
Z

�
� j (x )d� x (5)

de�nestheareaassociatedwith thej th node.
Our implementationuseslinear boundaryelementmodels,for

which thenodesareverticesof a closedtrianglemesh.Themesh
is modeledasa Loop subdivision surface[24] to convenientlyob-
tain multiresolutionmodelsfor renderingaswell asuniformly pa-
rameterizedsurfacesidealfor BEM discretizationanddeformation
depiction. The displacementand traction �elds have convenient
vertex-baseddescriptions

uj = u(x j ); pj = p(x j );
2Surfacetractiondescribesforceperunit area.

wherex j 2 � is the j th vertex. The traction �eld is a piecewise
linearfunction,and� j (x ) representsa“hat function” locatedat the
j th vertex with � j (x j ) = 1: Given our implementation,we shall
oftenreferto nodeandvertex interchangeably.

3.3 Discrete Boundar y Value Problem (BVP)

At eachstep of the simulation, a discreteBVP must be solved
which relatesspeci�edandunspeci�ednodalvalues,e.g.,to deter-
minedeformationandfeedbackforces.Without lossof generality,
it shall be assumedthat eitherpositionor tractionconstraintsare
speci�ed at eachboundarynode,althoughthis canbeextendedto
allow mixed conditions,e.g.,normaldisplacementandtangential
tractions.Let nodeswith prescribeddisplacementor tractioncon-
straintsbe speci�ed by the mutually exclusive index sets� u and
� p , respectively, sothat� u \ � p = ; and� u [ � p = f 1; 2; :::; ng.
In order to guaranteean equilibrium constraintcon�guration we
will requirethat thereis at leastonedisplacementconstraint,i.e.,
� u 6= ; . Weshallreferto the(� u ; � p ) pair astheBVPtype.

Typicalboundaryconditionsfor a forcefeedbackloopconsistof
specifyingsome(compactlysupported)displacementconstraintsin
theareaof contact,with “free” boundaryconditions(zerotraction)
andother(oftenzerodisplacement)supportconstraintsoutsidethe
contactzone.Thesolutionto (7) yieldstherenderedcontactforces
andsurfacedeformation.

Denotetheunspeci�edandcomplementaryspeci�ednodalvari-
ablesby

vj =
�

pj : j 2 � u

uj : j 2 � p
and �vj =

�
�uj : j 2 � u

�pj : j 2 � p
; (6)

respectively. By linearity of the discreteelasticmodel, therefor-
mally existsa linear relationshipbetweenall nodalboundaryvari-
ables

0 = Av + �A�v = Av � z (7)

wherethe BVP systemmatrix A andits complementarymatrix �A
are,in general,denseblockn-by-n matrices[18]. Bodyforceterms
associatedwith otherphenomena,e.g.,gravity, have beenomitted
for simplicity, but canbeincludedsincethey only addanextracon-
tribution to thez term.

A key relationshipbetweenBVP systemmatrices(A; �A) of dif-
ferentBVP types(� u ; � p ) is thatthey arerelatedby exchangesof
correspondingblock columns,e.g., (A:j ; �A:j), andthereforesmall
changesto the BVP type result in low-rank changesto the BVP
systemmatrices(seex4.2.1).

While the boundary-onlysystemmatricesin (7) could be con-
structedexplicitly, e.g.,via condensationfor FEM models[35] or
using a boundaryintegral formulation (seenext section),it need
not be in practice.The discreteintegral equationin Equation7 is
primarily a commonstartingpoint for later de�nition of GFsand
derivationof theCMA, while GFsmaybegeneratedwith any con-
venientnumericalmethod,or even robotically scannedfrom real
objects[28].

3.4 Example: Boundar y Element Models

A simple closed-formde�nition of (A; �A) is possiblefor mod-
els discretizedwith the boundaryelementmethod(BEM) [4, 21];
BEM discretizationsare possiblefor modelswith homogeneous
and isotropicmaterialproperties. The surface-basednodalquan-
titiesarerelatedby thedenselinearblockmatrix system

0 = Hu � Gp =
nX

j =1

hij uj �
nX

j =1

gij pj (8)
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whereG and H are n-by-n block matrices,with eachmatrix el-
ement,gij or hij , a 3-by-3 in�uence matrix with known expres-
sions[4]. In this case,the j th block columnsof A and �A may be
identi�ed ascolumnexchangedvariantsof G andH:

A:j =
�

� G:j : j 2 � u

H:j : j 2 � p
(9)

�A:j =
�

H:j : j 2 � u

� G:j : j 2 � p
(10)

While we useBEM modelsfor our implementation,we reiterate
that the CMA is independentof the methodusedto generatethe
GFs(explainednext).

3.5 Fast BVP Solution with Green' s Functions

GFsof asingleBVP typeprovideaneconomicalmeansfor solving
(7) for thatBVP, andwhencombinedwith theCMA (x4) will also
beusefulfor solvingotherBVP types.From(7), thegeneralsolu-
tion of aBVP type(� u ; � p ) maybeexpressedin termsof discrete
GFs3 as

v = � �v =
nX

j =1

� j �vj =
X

j 2 � u

� j �uj +
X

j 2 � p

� j �pj ; (11)

wherethe discreteGFsof the BVP systemare the block column
vectors

� j = �
�
A� 1 �A

�
:j

(12)

and
� = � A� 1 �A = [� 1 � 2 � � � � n ] : (13)

Equation(11) may be taken as the de�nition of the discreteGFs
(andeven(7)), sinceit is clearthatthej th GFsimplydescribesthe
linear responseof thesystemto the j th node's speci�ed boundary
value,�vj . Oncethe GFshave beencomputedfor oneBVP type,
that classof BVPs may be solved easilyusing(11). An attractive
featurefor interactive applicationsis thattheentiresolutioncanbe
obtainedin 18ns �ops4 if only s boundaryvalues(BV) arenonzero
(or havechangedsincethelasttimestep).Temporalcoherencemay
alsobeexploitedby consideringtheeffectof individual changesin
componentsof �v on thesolutionv.

Further leveraging linear superposition,each GF systemre-
sponsemaybeaugmentedwith otheradditionalinformationin or-
der to simulateotherprecomputablequantities.Volumetricstress,
strainanddisplacementdatamay alsobe simulatedat preselected
locations. Applications could use this to monitor stressesand
strainsto determine,e.g.,if fractureoccursor thata nonlinearcor-
rectionshouldbecomputed.

3.6 Precomputation of Green' s Functions

SincetheGFsfor asingleBVP typeonly dependongeometricand
materialpropertiesof thedeformableobject,they maybeprecom-
putedfor usein asimulation.Thisprovidesadramaticspeed-upfor
simulationby determiningthe deformationbasis(the GFs)ahead
of time. While this is not necessarya hugeamountof work (see
Table2), the principal bene�ts for interactive simulationsare the
availability of theGF elementsvia cheaplook-uptableoperations,
aswell astheeliminationof redundantruntimecomputationwhen

3NoteonGFterminology:weareconcernedwith discretenumericalap-
proximationsof continuousGFs,however for conveniencetheseGFvectors
will simplybereferredto asGFs.

4countingboth+ and�

computingsolutions,e.g.,usinga hapticdevice to graba vertex of
themodelandmove it aroundsimply rendersasingleGF.

Oncea setof GFsfor a LEM areprecomputed,theoverall stiff-
nesscanbe variedat runtimeby scalingBVP forcesaccordingly,
however changesin compressibilityandinternalmaterialdistribu-
tions do requirerecomputation.In practiceit is only necessaryto
computetheGF correspondingto nodeswhich mayhave changing
or nonzeroboundaryvaluesduringthesimulation.

4 Fast Global Deformation using Capaci-
tance Matrix Algorithms (CMAs)

This sectionpresentsanalgorithmfor usingtheprecomputedGFs
of a relevantReferenceBVP(RBVP) typeto ef�ciently solve other
BVP types. With an improved notation and emphasison com-
puterhaptics,this sectionuni�es andextendsthe approachespre-
sentedin [21] exclusively for BEM models,andfor FEM models
in, e.g.,[6], in a way that is applicableto all LEMs regardlessof
discretization,or origin of GFs[28]. Haptic applicationsarecon-
sideredin x5.

4.1 Reference Boundar y Value Problem (RBVP)
Choice

A key stepin theGF precomputationprocessis the initial identi�-
cationof a RBVP type,denotedby (� 0

u ; � 0
p ), thatis representative

of theBVP typesarisingduringsimulations.For interactionswith
anexposedfreeboundary, a commonchoiceis to have theuncon-
tactedmodelattachedto a rigid supportasshown in Figure2. The
n-by-n block systemmatricesassociatedwith theRBVP areiden-
ti�ed with asubscriptasA0 and�A0 , andthecorrespondingGFsare
hereafteralwaysdenotedby � .

Notethattheuser'schoiceof RBVPtypedetermineswhich type
of nodalconstraints(displacementof traction)arecommonlyspec-
i�ed (in orderto de�ne � ), but is independentof theactualnumer-
ical boundaryvalues�v usedin practice.For example,thereareno
requirementsthat certainboundaryvaluesarezero,althoughthis
resultsin fewersummations(see(11)).

0
pL

0
uLFixed Boundary;

Free Boundary;

Figure 2: ReferenceBoundaryValue Problem(RBVP)example:
TheRBVPassociatedwith amodelattachedto a�at rigid supportis
shown with boundaryregionshaving �x ed(� 0

u ) or free(� 0
p ) nodal

constraintsindicated.A typical simulationwould imposecontacts
on thefreeboundaryvia displacementconstraintswith theCMA.

4.2 Capacitance Matrix Algorithm (CMA) for BVP
Solution

PrecomputedGFsspeed-upthesolutionto theRBVP, but they can
alsodramaticallyreducethe amountof work requiredto solve re-
latedBVP whenusedin conjunctionwith CMAs. This sectionde-
scribestheCMA andpresentsthederivationof relatedformulae.
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4.2.1 Relevant Form ulae

Supposetheconstraint-typechanges,e.g.,displacement$ traction,
with respectto theRBVPats nodesspeci�edby thelist of nodalin-
dicesS = f S1 ; S2 ; : : : ; Ssg. As mentionedearlier, it follows from
(6) and(7) thatthenew BVP systemmatrices(A; �A) arerelatedto
thoseof the RBVP (A0; �A0) by s block columnswaps. This may
bewrittenas

A = A0 +
� �A0 � A0

�
EET (14)

�A = �A0 +
�
A0 � �A0

�
EET (15)

whereE is ann-by-s blockmatrix

E =
h
I:S1

I:S2
� � � I:Ss

i
:

containingcolumnsof the n-by-n identity block matrix, I, speci-
�ed by the list of updatednodal indicesS. Postmultiplicationby
E extractscolumnsspeci�ed by S. Throughout,E is usedto write
sparsematrixoperationsusingdensedata,e.g.,� , andliketheiden-
tity matrix, it shouldbenotedthatthereis no costinvolvedin mul-
tiplicationby E or its transpose.

SincetheBVP solutionis

v = A� 1z = � A� 1 �A�v; (16)

substituting(15) for �A andthe Sherman-Morrison-Woodbury for-
mula[15] for A� 1 (usingtheGFde�nition � = � A� 1

0
�A0),

A� 1 = A� 1
0 + (I + �) E(� ET � E) � 1ET A� 1

0 ; (17)

into (16), leadsdirectly to anexpressionfor thesolutionin termsof
theprecomputedGFs5. Theresultingcapacitancematrix formulae
are

v = v(0)
|{z}

n � 1

+ (E + (� E))
| {z }

n � s

C� 1
|{z}
s � s

ET v(0)
| {z }
s � 1

(18)

whereC is thes-by-s capacitancematrix, a negatedsubmatrixof
� ,

C = � ET � E; (19)

andv(0) is theresponseof theRBVPsystemto z= � �A�v,

v(0) = A� 1
0 z =

�
�

�
I � EET �

� EET �
�v: (20)

4.2.2 Algorithm for BVP Solution

With � precomputed,formulae(18)-(20) immediatelysuggestan
algorithmgiventhatonly simplemanipulationsof � andinversion
of thesmallercapacitancesubmatrixarerequired.An algorithmfor
computingall componentsof v is asfollows:

� For eachnew BVP type (with a differentC matrix) encoun-
tered,constructandtemporarilystoreC� 1 (or LU factors)for
subsequentuse.

� Constructv(0) .

� ExtractET v(0) andapplythecapacitancematrix inverseto it,
C� 1(ET v(0) ).

� Add the s column vectors (E + (� E)) weighted by
C� 1(ET v(0) ) to v(0) for the�nal solutionv.

5Similarly from [21] with �AS = ( �A0 � A0 )E.

4.2.3 Comple xity Issues

Givens nonzeroboundaryvalues,eachnew capacitancematrixLU
factorizationinvolvesat most 2

3 s3 �ops, after which eachsubse-
quentsolve involvesapproximately18ns �ops (s � n). This is
particularlyattractive whens � n is small,suchasoftenoccursin
practicewith localizedsurfacecontacts.

An importantfeatureof theCMA for interactive methodsis that
it is adirectmatrixsolverwith adeterministicoperationcount.It is
thereforepossibleto predictthe runtimecostassociatedwith each
matrix solve andassociatedforce feedbacksubcomputations(see
x5), thusmakingCMAs predictablefor real-timecomputations.

4.3 Selective Deformation Computation

A major bene�t of the CMA direct BVP solver is that it is possi-
ble to just evaluateselectedcomponentsof the solutionvectorat
runtime,with the total computingcostproportionalto thenumber
of componentsdesired. This is a key enablingfeaturefor force
feedbackwhere,e.g., contactforcesaredesiredat different rates
thanthe geometricdeformations.Selective evaluationwould also
beusefulfor optimizing(self) collision detectionqueries,avoiding
simulationof occludedor undesiredportionsof themodel,aswell
asrenderingadaptive level of detailrepresentations.

In general,any subsetof solution componentsmay be deter-
minedat a smallercostthancomputingv entirely. Let thesolution
be desiredat nodesspeci�ed by the setof indicesD, with the de-
siredcomponentsof v extractedby ET

D . Using (18), the selected
solutioncomponentsmaybeevaluatedas

ET
Dv = ET

Dv(0) + ET
D (E + (� E)) C� 1ET v(0)

using only O(s2 + sjDj) operations. The casewhereS = D is
especiallyimportantfor forcefeedbackandis discussedexclusively
in thefollowing section.

5 Capacitance Matrices as Local Buff er
Models

For force feedbackenabledsimulationsin which userinteractions
are modeledas displacementconstraintsappliedto an otherwise
freeboundary, thecapacitancematrix hasa very importantrole: it
constitutesanexactcontactforceresponsemodelby describingthe
complianceof thecontactzone.Borrowing terminologyfrom [2],
we say that the capacitancematrix can be usedas a local buffer
model. While the capacitancematrix is usedin x4.2.2 to deter-
mine the linear combinationof GFsrequiredto solve a particular
BVP andreconstructthe globaldeformation,it alsohasthedesir-
ablepropertythat it effectively decouplesthe global deformation
calculationfrom thatof thelocal forceresponse.Themostrelevant
bene�t for hapticsis that the local contactforce responsemay be
computedatamuchfasterratethantheglobaldeformation.

5.1 Capacitance Matrix Local Buff er Model

From(18), theS componentsof thesolutionv are

ET v = ET
h
v(0) + (E + (� E)) C� 1ET v(0)

i

= ET v(0) +
�
ET E

�

| {z }
C� 1ET v(0) +

�
ET � E

�

| {z }
C� 1ET v(0)

# I � C (from (19))

= ET v(0) + C� 1ET v(0) � ET v(0)

= C� 1
�

ET v(0)
�

: (21)
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Considerthesituation,whichnaturallyarisesin hapticinteractions,
in which the only nonzeroconstraintsare updateddisplacement
constraints,i.e.,

�v = EET �v ) v(0) = � �v (using(20)): (22)

In this case,the capacitancematrix completelycharacterizesthe
local contactresponse,since(using(22) in (21))

ET v = � C� 1ET �v: (23)

This in turn parametrizesthe global responsesincethesecompo-
nents(not in S) are

(I � EET )v = (I � EET )
h
v(0) + (E + (� E)) C� 1ET v(0)

i

= (I � EET )(� E)(ET v) (24)

wherewe have used(23) andthe identity (I � EET )E = 0. Such
propertiesallow thecapacitancematrix and� to beusedto derive
ef�cient localmodelsfor surfacecontact.

For example,giventhespeci�edcontactzonedisplacements

uS = ET �v; (25)

theresultingtractionsare

pS = ET v = � C� 1 �
ET �v

�
= � C� 1uS; (26)

andtherenderedcontactforceis

f = aT
SpS =

�
� aT

SC� 1�
uS = KSuS; (27)

whereKS is theeffectivestiffnessof thecontactzoneusedfor force
feedbackrendering,

aS = (aS1 ; aS2 ; : : : ; aSs)
T 
 I 3 (28)

representsnodalareas(5), andI 3 is thescalar3-by-3 identity ma-
trix. A similar expressionmay be obtainedfor torquefeedback.
Thevisualdeformationcorrespondingto solutioncomponentsout-
sidethecontactzoneis thengivenby (24)usingpS = ET v.

5.2 Example: Single Displacement Constraint

A simplecase,whichwill bediscussedin muchgreaterdetailin x6,
is that of imposinga displacementconstrainton single a nodek
which otherwisehada tractionconstraintin the RBVP6. The new
BVP thereforehasonly a singleconstraintswitch with respectto
theRBVP, andsos= 1 andS= f kg. Thecapacitancematrix here
is justC= � � k k sothatthek th nodalvaluesarerelatedby

pk = � C� 1 �uk = (� k k ) � 1 �uk or �uk = � k k pk :

Thecapacitancematrix cangeneratetheforceresponse,f = ak pk ,
requiredfor hapticsin O(1) operations,andfor graphicalfeedback
thecorrespondingglobalsolutionis v= � k pk :

5.3 Force Feedbac k for Multiple Displacement
Constraints

When multiple force feedbackdevices are interacting with the
model by imposingdisplacementconstraints,the force and stiff-
nessfelt by eachdevice are tightly coupledin equilibrium. For
example,the stiffnessfelt by the thumb in Figure 3 will depend
on how the other �ngers are supportingthe object. For multiple
contactslikethis,thecapacitancematrixagainprovidesanef�cient
forceresponsemodelfor haptics.Withoutpresentingtheequations
in detail,we shall just mentionthattheforceresponsesfor eachof
thecontactpatchescanbederivedfrom thecapacitancematrix in a
mannersimilar to equations(25)-(28).

6This caseoccurs,for instance,whenthe tip of a hapticdevice comes
into contactwith thefreesurfaceof anobject.

Figure3: Graspingsimulation:UsingaCyberTouchdatainputde-
vice from Virtual TechnologiesInc. (Top),a virtual hand(Bottom)
wasusedto deformanelastostaticBEM modelwith approximately
900surfacedegreesof freedom(dof) atgraphicalframerates(> 30
FPS)on a personalcomputer. The capacitancematrix algorithm
wasusedto imposedisplacementconstraintson anotherwisefree
boundary, oftenupdatingover100dof perframe.While forcefeed-
backwasnotpresent,thecapacitancematricescomputedcouldalso
havebeenusedto rendercontactforcesata ratehigherthanthatof
thegraphicalsimulation.

6 Surface Stiffness Models for Point-like
Contact

Thesecondpartof this paperconcernsa specialclassof boundary
conditionsdescribingpoint-like contactinteractions.Suchinterac-
tionsarecommonlyin thehapticsliteraturefor rigid surfacemod-
els [26, 19]. Unlike their rigid counterparts,specialcaremustbe
takenwith elasticmodelsto de�ne �nite contactareasfor point-like
interactionssincepoint-like contactsde�ned only assingle-vertex
(x5.2)or nearestneighbour[8] constraintsleadto mesh-relatedar-
tifacts,andambiguousinteractionsasthemeshis re�ned (seeFig-
ure4). However, thebene�t of point-like contactscomesfrom the
convenienceof the point-like parameterizationof the contactand
not becausethe contactis highly concentratedor “pin-lik e”. We
presentan approachusingvertex pressure maskswhich maintains
the single contactdescriptionyet distribute forceson a speci�ed
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scale. This allows point contactstiffnessesto be consistentlyde-
�ned asthemeshscaleis re�ned, andprovidesanef�cient method
for forcefeedbackrenderingof forceswith regularspatialvariation
on irregularmeshes.

Figure4: Point contactmustnot betakenliterally for elasticmod-
els: This �gure illustratesthedevelopmentof a displacementsin-
gularity associatedwith a concentratedsurfaceforceasthecontin-
uumlimit is approached.In theleft image,anupwardunit forceap-
plied to a vertex of a discreteelasticmodelresultsin a �nite vertex
displacement.As themodel'smeshis re�ned (middleandright im-
age),thesameconcentratedforceloadeventuallytendsto produce
a singulardisplacementat thecontactlocation,andthestiffnessof
any singlevertex approacheszero (seeTable1). Suchpoint-like
constraintsaremathematicallyill-posedfor linearmodelsbasedon
a small-strainassumption,andcaremustbetakento meaningfully
de�ne theinteraction.

6.1 Vertex Pressure Masks for Distrib uted Point-
like Contacts

In this section, the distribution of force is described using
compactly-supportedper-vertex pressuremasksde�ned on thefree
boundaryin theneighbourhoodof eachvertex.

6.1.1 Vertex Pressure Mask De�nition

Scalarpressuremasksprovide a �e xible meansfor modelingvec-
tor pressuredistributionsassociatedwith eachnode. This allows
a force appliedat the i th nodeto generatea tractiondistribution
which is a linearcombinationof f � j (x )g andnot just � i (x ).

In thecontinuoussetting,a scalarsurfacedensity� (x ) : � ! R
will relatethelocalizedcontactforcef to theappliedtractionp via7

p(x ) = � (x )f

which in turn impliesthenormalizationcondition
Z

�
� (x )d� x = 1: (29)

In thediscretesetting,thepiecewiselinearsurfacedensityon � is

� (x ) =
nX

j =1

� j (x )� j 2 L ; (30)

andis parameterizedby thediscretescalarvertex maskvector,

� = [� 1 ; � 2 ; : : : ; � n ]T :

Substituting(30)into (29),thediscretenormalizationconditionsat-
is�ed becomes

aT � = 1; (31)

wherea arethevertex areasfrom (5). Noticethatthemaskdensity
� hasunitsof 1

area .
In practice,thevertex pressuremask� maybespeci�ed in a va-

riety of ways. It couldbespeci�edat runtime,e.g.,asthebyprod-
uct of a physicalcontactmechanicssolution,or bea userspeci�ed
quantity. We shall considerthe casewherethereis a compactly

7Tensor-valuedmasksfor torquefeedbackcanalsobecomputed.

supportedscalarfunction � (x ) speci�ed at eachvertex on thefree
boundary. Thecorrespondingdiscretevertex mask� may thenbe
de�ned usingnodalcollocation(seeFigure5),

� j =
�

� (x j ); j 2 � 0
p ;

0; j 2 � 0
u :

;

followedby suitablenormalization,

� :=
�

aT �
;

to ensurethesatisfactionof (31).

(x)r

0

p

f

Figure5: Collocatedscalarmasks: A directmeansfor obtaininga
relative pressureamplitudedistribution abouteachnode,is to em-
ploy a user-speci�ed scalarfunctionalof the desiredspatialscale.
Thescalarpressuremaskis thengivenby nodalcollocation(left),
afterwhich thevectortractiondistribution associatedwith a nodal
point loadis thencomputedastheproductof theappliedforcevec-
tor andthe(compactlysupported)scalarmask(right).

In the following, denotethe densitymaskfor the i th vertex by
then-vector� i , with nonzerovaluesbeingindicatedby thesetof
maskednodalindicesM i . Sincetheintentionis to distributeforce
on thefreeboundary, maskswill only bede�ned for i 2 � 0

p . Addi-
tionally, thesemaskswill only involve nodeson thefreeboundary,
M i � � 0

p , aswell asbenonempty, jM i j > 0.

6.1.2 Example: Spherical Mask Functionals

Sphericallysymmetricradially decreasingmaskfunctionalswith
a scaleparameterweresuitablecandidatesfor constructingvertex
masksvia collocationon smoothsurfaces.Onefunctionalwe used
(seeFigure6 and7) hadlinearradialdependence,

� i (x ; r ) =
�

1 � jx � x i j
r ; jx � x i j < r ;

0; other wise:
;

where r speci�es the radial scale8. The effect of changingr is
shown in Figure6.

Figure 6: Illustration of changingmaskscale: An exaggerated
pulling deformationillustratesdifferent spatialscalesin two un-
derlying tractiondistributions. In eachcase,pressuremaskswere
generatedusingthelinearsphericalmaskfunctional(seex6.1.2)for
differentvaluesof theradiusparameter, r .

8r maybethoughtof asthesizeof thehapticprobe's tip.
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(a)a(x ) (b) kK(x )k (c) maskedkK(x )k

Figure7: Effectof pressure maskson surfacestiffness: Evenmodelswith reasonablemeshquality, suchasthis simpleBEM kidney model,
canexhibit perceptiblesurfacestiffnessirregularitieswhensingle-vertex stiffnessesareused.A plot (a)of thevertex area,a, clearlyindicates
regionsof large(darkred)andsmall(light blue)triangles.In (b) thenormof thesingle-vertex surfacestiffness,kK(x )k, revealsanoticeable
degreeof mesh-relatedstiffnessartifacts.Ontheotherhand,thestiffnessplottedin (c) wasgeneratedusingapressuremask(collocatedlinear
spherefunctional(seex6.1.2)of radiustwice themesh's meanedgelength)andbetterapproximatestheregular forceresponseexpectedof
suchamodel.Masksessentiallyprovideanti-aliasingfor stiffnessesde�ned with discretetractiondistributions,andhelpavoid “soft spots.”

6.2 Vertex Stiffnesses using Pressure Masks

Having consistentlycharacterizedpoint-like forceloadsusingver-
tex pressuremasks,it is now possibleto calculatethe stiffnessof
eachvertex. In thefollowing sections,thesevertex stiffnesseswill
thenbeusedto computethestiffnessat any point on model's sur-
facefor hapticrenderingof point-likecontact.

6.2.1 Elastic Vertex Stiffness, KE

For any single nodeon the free boundary, i 2 � 0
p , a �nite force

stiffness,K i 2 R3� 3 , maybeassociatedwith its displacement,i.e.,

f = K i ui ; i 2 � 0
p :

As a sign convention, it will be notedthat for any single vertex
displacement

ui � f = ui � (K i ui ) � 0; i 2 � 0
p

sothatpositivework is donedeformingtheobject.
Givena forcef appliedat vertex i 2 � 0

p , thecorrespondingdis-
tributedtractionconstraintsare

pj = � i
j f :

Sincethedisplacementof thei th vertex is

ui =
X

j 2M i

� i
j � ij f ;

thereforetheeffectiveelasticstiffnessof themaskedvertex is

K i = KE
i =

0

@
X

j 2M i

� i
j � ij

1

A

� 1

; i 2 � 0
p : (32)

Someexamplesareprovidedin Table1 andFigure7.
Therefore,in thesimplecaseof asinglemaskedvertex displace-

mentconstraintui , the local force responsemodelexactly deter-
minesthe resultingforce, f = K i ui , distributedin the masked re-
gion. Thecorrespondinggloballyconsistentsolutionis

v = � i f =

0

@
X

j 2M i

� i
j � j

1

A f

where� i is theconvolution of theGFswith themask� , andchar-
acterizesthe distributedforce load. The limiting caseof a single
vertex constraintcorrespondsto M i = f ig with � i

j = � ij =ai sothat
theconvolutionsimpli�es to � i = � i =ai .

MeshLevel Vertices kKkF , Single kKkF , Masked
1 34 7.3 13.3
2 130 2.8 11.8
3 514 1.1 11.2

Table1: Vertex stiffnessdependenceon meshresolution: This ta-
ble shows vertex stiffness(Frobenius)norms(in arbitraryunits)at
thetopcentervertex of theBEM modelin Figure10(a),asgeomet-
rically modeledusingLoop subdivision meshesfor threedifferent
levelsof resolution.Thestiffnesscorrespondingto a singlevertex
constraintexhibits a largedependenceon meshresolution,andhas
amagnitudewhichrapidlydecreasesto zeroasthemeshis re�ned.
On the otherhand,the stiffnessgeneratedusinga vertex pressure
mask(collocatedlinear spherefunctional(seex6.1.2)with radius
equalto the coarsest(level 1) mesh's meanedgelength)hassub-
stantiallylessmeshdependence,andquickly approachesanonzero
value.

6.2.2 Rigid Vertex Stiffness, KR

For rigid surfacesa �nite force responsemay be de�ned usingan
isotropicstiffnessmatrix,

KR = kRigidI 3 2 R3� 3 ; kRigid > 0:

Thisis usefulfor de�ning responsesatpositionconstrainedvertices
of adeformablemodel,

K i = KR; i 2 � 0
u ; (33)

for at leasttwo reasons.First, while it may seemphysically am-
biguousto considercontactinga constrainednodeof a deformable
object,it doesallow usto de�ne a responsefor theseverticeswith-
out introducingothersimulationdependencies,e.g.,how thehaptic
interactionwith theelasticobjectsupportis modeled.Second,we
shall seein x6.3 thatde�ning stiffnessresponsesat thesenodesis
importantfor determiningcontactresponsesonneighbouringtrian-
gleswhicharenot rigid.

8
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6.3 Surface Stiffness from Vertex Stiffnesses

Giventhevertex stiffnesses,f K i gn
i =1 , thestiffnessof any location

on thesurfaceis de�ned usingnodalinterpolation

K(x ) =
nX

i =1

� i (x )K i ; x 2 � ; (34)

so that (K(x )) k l 2 L . Note that there are no more than three
nonzerotermsin thesumof (34), correspondingto theverticesof
thefacein contact.In thisway, thesurfacestiffnessmaybecontin-
uouslyde�ned usingonly j� 0

p j freeboundaryvertex stiffnessesand
a singlerigid stiffnessparameter, kRigid, regardlessof theextentof
themasks.Theglobaldeformationis thenvisually renderedusing
thecorrespondingdistributedtractionconstraints.

For a point-like displacementconstraint�u appliedat x 2 � on a
trianglehaving vertex indicesf i 1 ; i 2 ; i 3g, thecorrespondingglobal
solutionis

v =
X

i 2f i 1 ;i 2 ;i 3 g\ � 0
p

� i � i (x )f : (35)

This may be interpretedasthe combinedeffect of barycentrically
distributed forces,� i (x )f , appliedat eachof the triangle's three
maskedvertex nodes,which is consistentwith (38).

6.4 Rendering with Finite Stiffness Haptic De-
vices

Similar to haptic renderingof rigid objects,elasticobjectswith
stiffnessesgreaterthansomemaximumrenderablemagnitude(due
to hardware limitations) have forcesdisplayedassoftermaterials
duringcontinuouscontact.Thiscanbeachievedusingahapticver-
tex stiffness, KH

i , whichis proportionalto theelasticvertex stiffness,
KE

i . While thestiffnessescouldall beuniformly scaledon thefree
boundary, thiscanresultin verysoftregionsif themodelhasawide
rangeof surfacestiffness.Anotherapproachis to set

KH
i = � i K

E
i where � i = min

�
1;

kKRk
kKE

i k

�
;

sothattheelastichapticmodelis never morestiff thana rigid hap-
tic model.Thesurface's hapticstiffnessKH(x ) is thendetermined
using(34),sothatkKH(x )k � kKRk; 8x 2 � .

In accordancewith force re�ecting contact,the deformedelas-
tic statecorrespondsto the haptic force appliedat the contactlo-
cation x C. This producesgeometriccontactcon�gurationssimi-
lar to that shown in Figure 8, wherethe haptic displacementuH

candiffer from theelasticdisplacementuE. The geometricdefor-
mation is determinedfrom the appliedforce f andequation(35).
Note that when the haptic and elasticstiffnessesare equal,such
as for soft materials,then so are the elasticand haptic displace-
ments. In all cases,the generalized“god object” [36] or “surface
contactpoint” [33] is de�ned astheparametricimageof x C on the
deformedsurface.

7 Experimental Results

GFswereprecomputedusingtheboundaryelementmethod(BEM)
with piecewiselinearboundaryelements.Table2 providestimings
for the BEM precomputationstagesaswell asthe submillisecond
costof simulatingpoint-like deformationsusingGFs.Furthertim-
ingsof CMA suboperationsareshown in Table3, andre�ect inter-
activeperformancefor modestnumbersof constrainttypechanges,
s. All timings were performedusing unoptimizedJava codeon
a single processorPentiumIII, 450MHz, 256MB computerwith

f
H

Ex

nE
uE

Hu

nC

xC

x

Figure 8: Geometryof point-like contact: The surface of the
static/undeformedgeometry(curveddashedline) andthatof thede-
formedelasticmodel(curvedsolid line) areshown alongwith: ap-
plied force(f ), staticcontactlocation(xC), deformedelasticmodel
contactlocation (xE), haptic probe-tip location (xH), haptic con-
tact displacement(uH = xH � xC), elastic contactdisplacement
(uE = xE� xC), staticcontactnormal(nC) andelasticcontactnormal
(nE). Oncethecontactis initiatedby thecollisiondetector, theslid-
ing frictional contactcanbetrackedin surfacecoordinatesat force
feedbackrates.

Sun'sJDK 1.3clientJVM for Windows. Thesetimescanbesignif-
icantly reducedby usinghardware-optimizedmatrix libraries,and
currentcomputinghardware.

An applicationof theCMA for multipledistributedcontactswith
unilateralcontactconstraintswas the graspingtask illustrated in
Figure3 usingthe LEM from Figure10(a). A shortvideo clip is
alsoavailableonline[20].

Ourcurrentforcefeedbackimplementationis basedonthepoint-
like contactapproachdiscussedin the previous section. Forces
arerenderedby a 3 dof PHANToMTM hapticinterface(model1.0
Premium),on a dual PentiumII computerrunningWindows NT.
The hapticsimulationwas implementedin C++, partly using the
GHOSTc toolkit, andinterfacedto our ARTDEFO elastostaticob-
ject simulationwritten in JavaTM andrenderedwith Java3DTM . The
frictional contactproblemis computedby thehapticservo loop at
1 kHz, which thenprescribesboundaryconditionsfor the slower
graphicalsimulationrunning at 25–80Hz. For a point-like con-
tact, it was only necessaryto perform collision detectionon the
undeformedmodel,so this wasdoneusingthe GHOSTc API. A
photographof the authorsdemonstratingthe simulationis shown
in Figure9, anda numberof screenshotsfor variousmodelsare
shown in Figure10. A shortvideoclip is alsoavailableonline[20].

Weobservedthatthevertex masksweresuccessfulin producing
noticeableimprovementsin the smoothnessof the sliding contact
force, especiallywhen passingover regions with irregular trian-
gulations(seeFigure7). We have not conducteda formal human
study of the effectivenessof our simulationapproach.However,
the hapticsimulationhasbeendemonstratedto hundredsof users
at two conferences:the10th AnnualPRECARN-IRIS(Institutefor
RoboticsandIntelligentSystems)Conference(Montreal,Quebec,
Canada,May 2000)andin theACM SIGGRAPH2000Exhibition
(New Orleans,Louisiana,USA, July 2000). Usersreportedthat
thesimulationfelt realistic. In general,theprecomputedLEM ap-
proachwasfoundto bebothstableandrobust.

8 Summar y and Discussion

We have presenteda detailedapproachfor real time solution of
boundaryvalue problemsfor discretelinear elastostaticmodels
(LEM), regardlessof discretization,usingprecomputedGFsin con-

9
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(a)A simplenodularshapewith a �x edbaseregion.

(b) A kidney-shapedmodelwith positionconstrainedverticesonpartof theoccludedside.

(c) A plasticspatulawith apositionconstrainedhandle.

(d) A seeminglygel-�lled bananabicycleseatwith matchingmetalsupports.

Figure10: Screenshotsfromreal timehapticsimulations:A wide rangeof ARTDEFO modelsareshown subjectedto variousdisplacements
usingthemaskedpoint-like contactsof x6. For eachmodel,themiddleof thethree�gures is uncontactedby theuser's interactionpoint (a
smallgreenball).

10
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ElasticModel # Vertices(n) # Faces Precomp(min) LUD % Simulate(ms)
Nodule 130v(89 free) 256f 1.1 1.1% 0.05
Kidney 322v(217free) 640f 7.7 3.1% 0.13
Spatula 620v(559free) 1248f 45 5.7% 0.34
BananaSeat 546v(245free) 1088f 25 20.0% 0.15

Table2: GF precomputationand simulationtimes for the BEM modelsdepictedin Figure10. All GFscorrespondingto moveablefree
vertices(in � 0

p ) werecomputed,andthe precomputationtime (Precomp)of the largestmodel is lessthanan hour. As is typical of BEM
computationsfor modelsof modestsize(n < 1000), theO(n2) constructionof thematrices(H andG in equation8) is a signi�cant portion
of thecomputation,e.g.,relative to theO(n3) costof performingtheLU decomposition(LUD %) of theA matrix. Thelastcolumnindicates
thatsubmillisecondgraphics-loopcomputations(Simulate)arerequiredto determinethepointcontactdeformationresponseof eachmodel's
freeboundary.

# Updates,s LU Factor(ms) LU Solve (ms) (� E)(ET �v) for n = 100(ms)
10 0.54 0.03 0.38
20 2.7 0.15 0.74
40 19 0.58 1.7
100 310 5.7 5.7

Table3: Timingsof CMAsuboperations suchasLU decomposition(LU Factor)andback-substitution(LU Solve)of thecapacitancematrix,
aswell astheweightedsummationof s GFs(per100nodes)areshown for differentsizesof updatednodalconstraints,s.

Figure9: : Photograph of simulationin use: Userswereable to
push,slideandpull on thesurfaceof themodelusinga point-like
manipulandum.Additionally, it waspossibleto changethesurface
friction coef�cient, aswell asthepropertiesof thepressuremask,
with noticeableconsequences.ThePHANToMTM (heremodel1.0
Premium)wasusedin all forcefeedbacksimulations,andis clearly
visible in theforeground.

junction with capacitancematrix algorithms(CMAs). The data-
driven CMA formulationhighlights the specialrole of the capac-
itancematrix in computerhapticsasa contactcomplianceuseful
for generatingcontactforce andstiffnessmodels,andprovidesa
framework for extendingthecapabilitiesof thesemodels.

Additionally, theimportantspecialcaseof point-likecontactwas
addressedwith specialattentiongiven to the consistentde�nition
of contactforcesfor haptics. While this topic hasbeendiscussed
before,wehave introducedvertex masksto specifythedistribution
of contactforcesin awaywhichleadsto physicallyconsistentforce
feedbackmodelswhich avoid thenumericalartifactswhich leadto
nonsmoothrenderingof contactforcesondiscretemodels,aswells
asill-de�ned contactsin thecontinuumlimit.

Thereareseveral issuesto be addressedby future work on the
simulationof LEMs for computerhaptics.

Oneof thepromisesof linearGFmodelsis thatit shouldbepos-
sibleto precomputeandhapticallytouchlarge-scalemodelsevenif
they aretoo large to be graphicallyrendered.However, the CMA
presentedhereis veryef�cient for smallmodels(smalln) andlim-
itedconstraints(smalls), but furtheroptimizationsandrequiredfor
precomputing,storingandsimulatinglarge-scaleLEMs. Extending
LEMs to accomodategeometricandmaterialnonlinearitiesis also
an areaof study. Resultsaddressingtheseproblemswill appear
shortlyin subsequentpublications.

A key challengefor interactively renderingelasticmodelsis the
plausibleapproximationof friction in thepresenceof multiple dis-
tributedelastic-rigidandelastic-elasticcontacts.While largecon-
tact areasare a potential problemfor LEM haptics, i.e., due to
large updatecosts,the accompanying collision detectionandfric-
tion problemsappearto be at leastas dif�cult. Incorporationof
LEMs into hybrid interactive dynamicalsimulationsis alsoa rela-
tively unexploredarea.

Finally, thesameissues(perceptibleforceregularity andspatial
consistency) which motivatedour approachfor a singlepoint-like
contact,also arisefor multiple point-like contactsand in general
with multipledistributedcontacts.Thetight couplingof forcestiff-
nessesbetweenall contactzones,andthereforeeach(networked)
force feedbackdevice, canmake this a dif�cult problemin prac-
tice.

A Justi�cation of Interpolated Traction
Distrib utions for Point Contact

This sectionderivesthenodalboundaryconditionsassociatedwith
a localizedpoint contactat an arbitrarymeshlocation. The prac-
tical consequenceis that the discretetractiondistribution may be
convenientlyinterpolatedfrom suitablenearbynodaldistributions
or masks.

Given a continuoussurfacetractiondistribution, p(x ), a corre-
spondingdiscretedistribution �( x )p maybedeterminedby a suit-
ableprojectioninto L of eachCartesiancomponentof p(x ). For
example,considertheprojectionof a scalarfunctionon � de�ned
astheminimizerof thescalarfunctionalE : R3n 7! R,

E(p) =
Z

�

�
kp(x ) � �( x )pk2

2 + kB �( x )pk2
2

�
d� x ;

whereB : L 7! R is somelinearoperatorthatcanbeused,e.g.,to
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penalizenonsmoothfunctions,and� (x ) : R3n 7! R3 is a nodal
interpolationmatrixde�ned on thesurface,

� (x ) = [� 1(x )� 2(x ) � � � � n (x )] 
 I 3 ; x 2 � ;

whereI 3 is the3-by-3 identity matrix. TheEuler-Lagrangeequa-
tionsfor thisminimizationare

P n
j =1

� R
� [� i (x )� j (x ) + (B � i (x )) (B � j (x ))] d� x

�
pj

=
R

� � i (x )p(x )d� x i = 1; 2; : : : ; n;

which, in anobviousnotation,is written asthelinearmatrix prob-
lem

A p = f (36)

to besolved for thenodaltractionvaluesp. Note thatA hasunits
of area.

Therelevanttractiondistributionfor point-likecontactis ascale-
independentconcentratedpoint load

p(x ) = p � (x ) = f � � (x � x � )

which modelsa forcef � deliveredat x � 2 � . Theforcen-vectorin
equation(36)hascomponents

f i = � i (x
� )f �

andthecorrespondingpressuredistribution'snodalvaluesare

p = A � 1 f :

For compactlysupportedbasisfunctions,� i (x ), f hasonly a small
numberof nonzerocomponentsfor any givenx . Hence� i (x � ) are
the interpolationweightsdescribingthecontribution of thenearby
nodalpressuredistributions,herespeci�edby thecolumnsof A � 1 .

As anexample,considertheimportantcasewhereL is acontin-
uouspiecewise linear functionspacewith � i (x j ) = � ij . This was
the spaceusedin our implementation.In this case,at mostonly
threecomponentsof f arenonzero,givenby theindicesf i 1 ; i 2 ; i 3g
which correspondto verticesof the contactedtriangle� � , i.e., for
which x � 2 � � . Thevalues� i (x � ) arethebarycentriccoordinates
of x � in � � . Thepressuredistribution'snodalvaluesarethen

p = A � 1 f (37)

=
3X

k =1

�
A � 1 �

:i k
f i k

=
3X

k =1

� i k (x � )
h�

A � 1 �
:i k

f �
i

=
3X

k =1

� i k (x � )p( i k ) ; (38)

wherep( i k ) is thepressuredistribution correspondingto theappli-
cation of the load directly to vertex i k , and () :i k refersto block
columni k of the matrix. Thereforethe piecewiselinear pressure
distribution for a point load appliedat a barycentriclocationon a
triangle is equalto the barycentricaverage of the pressure distri-
butionsassociatedwith thepoint load appliedat each of thetrian-
gle's vertices.This mayberecognizedasanelasticgeneralization
of forceshading[27] for rigid models.

Notethatthej th columnof A � 1 is avertex maskthatdescribes
thenodaldistributionof theloadappliedto thej th vertex. Modify-
ing thepenaltyoperatorB resultsin maskswith varyingdegreesof
smoothnessandspatiallocalization.
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